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Numerical model for few-mode fibre ring cavities 
 

A fiber ring cavity is a common type of resonator composed by a piece of fiber close into itself with 
an optical coupler. Two of the most common way to describe such systems are the Ikeda MAP and 
Lugiato-Lefever Equation (LLE) models.  
In the following report we provide a description of these models generalized for our case of study 
(Gain Through Filtering). In conclusion, we provide some examples of their application such as 
parametric gain calculation and numerical simulations. 
 

The Ikeda map model: 
 
This model was first proposed by Ikeda [1], and contextualized in our specific subject takes the 
following form [2]: 

 

𝑖𝑖 
𝜕𝜕𝐴𝐴𝑛𝑛
𝜕𝜕𝜕𝜕

−
𝛽𝛽2
2

 
𝜕𝜕2𝐴𝐴𝑛𝑛
𝜕𝜕𝑡𝑡2

+ 𝛾𝛾|𝐴𝐴𝑛𝑛|2𝐴𝐴𝑛𝑛 = 0 , 0 < 𝜕𝜕 < 𝐿𝐿, (1) 

𝐴𝐴𝑛𝑛+1(𝜕𝜕 = 0, 𝑡𝑡) = 𝜃𝜃𝐸𝐸𝐼𝐼𝐼𝐼 + 𝜌𝜌𝑒𝑒𝑖𝑖ϕ0𝐴𝐴𝑛𝑛(𝜕𝜕 = 𝐿𝐿, 𝑡𝑡).           (2) 

 

In eq. (1) is described the evolution of the envelope of the field 𝐴𝐴𝑛𝑛(𝜕𝜕, 𝑡𝑡) in its 𝑛𝑛𝑡𝑡ℎ  roundtrip of the 
cavity: 𝜕𝜕 measures the position of the field inside the cavity, which has a total length of L, 𝑡𝑡 is the 
retarded time. 𝛽𝛽2 accounts for the group velocity dispersion, and 𝛾𝛾 is the Kerr non-linearity 
coefficient. 
Being a cavity, the model is completed with the boundary conditions described in eq. (2): 𝐸𝐸𝐼𝐼𝐼𝐼 is the 
input field, injected trough the coupler which has a reflectivity of 𝜌𝜌 and a transmittance of 𝜃𝜃 . In this 
case, all the losses are lumped into 𝜌𝜌, so that 1 − 𝜌𝜌2 accounts for the overall power losses in a 
roundtrip. 𝜙𝜙0 = 𝛽𝛽�𝜔𝜔𝑝𝑝�𝐿𝐿 (𝑚𝑚𝑚𝑚𝑚𝑚 2𝜋𝜋) is the linear phase shift per roundtrip modulo 2 𝜋𝜋.  

 

In our specific case the cavity includes a filter in the form of a Fiber Bragg Grating (FBG), and 
considering that it can be placed at the position 𝜕𝜕 = 𝜕𝜕𝐹𝐹, we can write: 

𝐴𝐴𝑛𝑛(𝜕𝜕𝐹𝐹+, 𝑡𝑡) = ℎ(𝑡𝑡) ⋆ 𝐴𝐴𝑛𝑛�𝑧𝑧𝑓𝑓−,𝑡𝑡�, (3) 

Â𝑛𝑛�𝑧𝑧𝐹𝐹
+,𝜔𝜔� = 𝐻𝐻(𝜔𝜔)Â𝑛𝑛(𝜕𝜕𝐹𝐹− ,𝜔𝜔), (4) 

Where ℎ(𝑡𝑡) represent the impulse response of the filter, and 𝐻𝐻(𝜔𝜔) is its transfer function. By 
assuming that the filter is placed just before the coupler (𝜕𝜕𝐹𝐹 = 𝐿𝐿), it’s possible to rewrite the 
boundary conditions as: 

𝐴𝐴𝑛𝑛+1(𝜕𝜕 = 0, 𝑡𝑡) = 𝜃𝜃𝐸𝐸𝐼𝐼𝐼𝐼 + 𝜌𝜌𝑒𝑒𝑖𝑖ϕ0  ℎ (𝑡𝑡) ⋆ 𝐴𝐴𝑛𝑛(𝜕𝜕 = 𝐿𝐿, 𝑡𝑡), (5) 
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Â𝑛𝑛+1(𝜕𝜕 = 0,𝜔𝜔) = 𝜃𝜃𝐸𝐸𝐼𝐼𝐼𝐼𝛿𝛿(𝜔𝜔) + 𝜌𝜌𝑒𝑒𝑖𝑖ϕ0 𝐻𝐻(𝜔𝜔)Â𝑛𝑛(𝜕𝜕 = 𝐿𝐿,𝜔𝜔), (6) 

Where 𝛿𝛿(𝜔𝜔) is the Dirac delta function.  

The filter is described through the following model [2]: 

𝐻𝐻(𝜔𝜔) = 𝑒𝑒𝐹𝐹(𝜔𝜔)+𝑖𝑖𝑖𝑖(𝜔𝜔), (7) 

𝐹𝐹(𝜔𝜔) = 𝑏𝑏
𝑎𝑎4

�𝜔𝜔 − 𝜔𝜔𝑓𝑓�
4

+ 𝑎𝑎4
 , (8) 

𝜓𝜓(𝜔𝜔) = 𝑏𝑏𝑎𝑎
�𝜔𝜔 −  𝜔𝜔𝑓𝑓�[�𝜔𝜔 − 𝜔𝜔𝑓𝑓�

2
+ 𝑎𝑎2]

√2 [(𝜔𝜔 −  𝜔𝜔4) + 𝑎𝑎4]
, (9). 

Equations (8) and (9) describes the loss profile and the phase of the filter respectively, the parameter 
𝑎𝑎 is related to the filter bandwidth (rad/s), while the parameter 𝑏𝑏 is a non dimensional number 
which controls the maximum attenuation of the filter. 

 

Fig. 1: Typical response of the filter with the model described by Eqs. (8) and (9). 𝑎𝑎 = 85𝑒𝑒9𝑟𝑟𝑎𝑎𝑚𝑚/𝑠𝑠 , 𝑏𝑏 =  −2.45, 
𝑤𝑤𝑓𝑓 = 314 𝐺𝐺𝐻𝐻𝜕𝜕. 

Steady State and Stability Analysis of the Ikeda map model 
 

The stationary, CW solutions are in the following form: 

𝐴𝐴𝑛𝑛(𝜕𝜕, 𝑡𝑡) = �̅�𝐴 𝑒𝑒𝑖𝑖 𝛾𝛾𝛾𝛾 𝑧𝑧,𝑃𝑃 = |�̅�𝐴|2. 

From the stationary state solutions, it’ relation between the input and the field circulating inside the 
cavity: 

�̅�𝐴 =
𝜃𝜃

1 − 𝜌𝜌𝑒𝑒𝑖𝑖 𝜙𝜙𝐻𝐻(0)
 𝐸𝐸𝐼𝐼𝐼𝐼 , (10) 

𝑃𝑃 =
𝜃𝜃2

1 + 𝜌𝜌2|𝐻𝐻(0)|2 − 2 𝜌𝜌|𝐻𝐻(0)|cos (𝜙𝜙 +𝜓𝜓(0))
𝑃𝑃𝐼𝐼𝐼𝐼 , (11) 

Where 𝜙𝜙 =  𝜙𝜙0 + 𝛾𝛾𝑃𝑃𝐿𝐿 account for the total phase accumulated by the signal during the propagation 
inside the cavity, 𝜓𝜓(0) is the phase of the filter at the pump frequency, |𝐻𝐻(0)| is the losses imposed 
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by the filter at the pump frequency, and 𝐸𝐸𝐼𝐼𝐼𝐼 ,𝑃𝑃𝐼𝐼𝐼𝐼 are the amplitude and power of the pump field, 
respectively. 
By performing a linear stability analysis, which consist in the linearization and diagonalization of the 
system described by Eqs. (1) and (5) [2], it’s possible to calculate a gain function. That function 
allows to predict the frequency and the power grow rate of the perturbations destabilized inside the 
cavity. In other words, if a given frequency 𝜔𝜔𝑖𝑖  gives a gain 𝑔𝑔𝑀𝑀𝑀𝑀𝛾𝛾(𝜔𝜔𝑖𝑖) ≠ 0 , then the power of the 
perturbation at frequency 𝜔𝜔𝑖𝑖  will grows as exp(𝑔𝑔𝑀𝑀𝑀𝑀𝛾𝛾(𝜔𝜔𝑖𝑖)𝜕𝜕).   
It's then possible formulate the gain for the Ikeda map model as:  

𝑔𝑔𝑀𝑀𝑀𝑀𝛾𝛾(𝜔𝜔) =
2
𝐿𝐿

ln max{|𝜆𝜆1, 𝜆𝜆2|}.    (12) 

Where 𝜆𝜆1,2 = Δ
2

± �Δ2

4
−𝑊𝑊 are the eigenvalue of the system which describe the propagation of the 

perturbation inside the cavity and: 

Δ = 𝜌𝜌 �2 cos(𝑘𝑘 𝐿𝐿)�𝐻𝐻𝑒𝑒(𝜔𝜔) 𝑐𝑐𝑚𝑚𝑠𝑠𝜙𝜙 −𝐻𝐻𝑜𝑜(𝜔𝜔) 𝑠𝑠𝑖𝑖𝑛𝑛𝜙𝜙� −
𝛽𝛽2𝜔𝜔2+2𝛾𝛾𝛾𝛾

𝑘𝑘
 sin (𝑘𝑘𝐿𝐿)(𝐻𝐻𝑜𝑜(𝜔𝜔) cos𝜙𝜙 +𝐻𝐻𝑒𝑒(𝜔𝜔)𝑠𝑠𝑖𝑖𝑛𝑛𝜙𝜙)� (13) 

𝑊𝑊 = 𝜌𝜌2(𝐻𝐻𝑒𝑒(𝜔𝜔)2 +𝐻𝐻𝑜𝑜(𝜔𝜔)2 ), (14)  

with 𝐻𝐻𝑒𝑒(𝜔𝜔),𝐻𝐻𝑜𝑜(𝜔𝜔) being the even and odd part of the filter’s transfer function 𝐻𝐻(𝜔𝜔), and 𝑘𝑘(𝜔𝜔) =

�𝛽𝛽2𝜔𝜔2

2
�𝛽𝛽2𝜔𝜔

2

2
+ 2 𝛾𝛾𝑃𝑃 � being the wave number of the perturbation. Some examples of gain 

calculation are provided in the following sections. 

 

Lugiato-Lefever Equation model: 
The Lugiato-Lefever Equation (LLE) is another model which allow to describe the dynamic of a fiber 
ring cavity, and other types of resonators [3]. 
This model is calculated under the assumption that the envelope of the field propagating inside the 
cavity doesn’t change much during a single round-trip. This is equivalent to assume that the overall 
losses of the cavity are small (𝜌𝜌 ≈ 1,𝜃𝜃 ≪ 1 ), in what is called the good cavity limit.  
This mean-field model, can be computed by performing a suitable averaging of the Ikeda map of Eqs. 
(1) and (5), which reads [2]: 

𝐿𝐿
𝜕𝜕𝐴𝐴
𝜕𝜕𝜕𝜕

= [−𝛼𝛼 + 𝑖𝑖 𝜙𝜙0 +Φ ⋆ +𝑖𝑖 Ψ ⋆]𝐴𝐴 + �−
𝑖𝑖𝐿𝐿𝛽𝛽2

2
 
𝜕𝜕2

𝜕𝜕𝑡𝑡2
+ 𝑖𝑖 𝐿𝐿 𝛾𝛾|𝐴𝐴|2�𝐴𝐴 + 𝜃𝜃�𝑃𝑃𝐼𝐼𝐼𝐼 .       (14) 

Where Φ and Ψ being the Fourier anti-transform of Eqs. (8) and (9) respectively. 

Steady State and Stability Analysis of the LLE model 
 

As for the Ikeda map model, it’s possible to compute the relation between the input and the 

intracavity power by considering the field homogeneous inside the cavity ( 𝜕𝜕
𝜕𝜕𝑧𝑧

= 𝜕𝜕
𝜕𝜕𝑡𝑡

= 0), and then 
find the relation between the intracavity power and the input power as:  

𝑃𝑃� =
𝜃𝜃2

�−𝛼𝛼 + 𝐹𝐹(0)�
2

+ (𝜙𝜙0 +  𝜓𝜓(0) + 𝛾𝛾𝐿𝐿 𝑃𝑃�)2
𝑃𝑃𝐼𝐼𝐼𝐼 .   (15) 
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By linearizing and diagonalizing the model, it’s possible to compute the gain function as:  

𝑔𝑔𝐿𝐿𝐿𝐿𝐿𝐿(𝜔𝜔) = 2
−𝛼𝛼 + 𝐹𝐹𝑒𝑒(𝜔𝜔) + 𝑅𝑅𝑒𝑒(𝜆𝜆+)

𝐿𝐿
, (16) 

𝜆𝜆± =  ±�(−[𝜇𝜇(𝜔𝜔) − 𝑖𝑖𝐹𝐹𝑜𝑜(𝜔𝜔)]2 + (𝛾𝛾𝐿𝐿 𝑃𝑃�)2) , (17) 

With 𝜇𝜇 = 𝐿𝐿 𝜔𝜔2𝛽𝛽2
2

+ 2 𝛾𝛾 𝑃𝑃�𝐿𝐿 +  𝜙𝜙0 + 𝜓𝜓𝑒𝑒(𝜔𝜔) being a phase-mismatch factor and 𝐹𝐹𝑒𝑒(𝜔𝜔),𝐹𝐹𝑜𝑜(𝜔𝜔) are the 
even and odd part of  𝐹𝐹(𝜔𝜔), the function describing the loss profile of the filter as described in Eq. 
(8).   

 

Examples of Gain and comparison between Ikeda and LLE models 
 

In this section we show some examples of calculation of the gain with the model described 
previously.  
Figs. 2(a) and 2(b) depict the evolution of the gain as function of the input power for the Ikeda and 
LLE models, respectively. Only the positive gain tongue is displayed, as the negative one is 
symmetric. Is interesting to see the similarity between the two results in this situation. 
Figs. 3(a) and 3(b) show the evolution of the gain, again for Ikeda and LLE model respectively, as 
function of the shift between the pump wavelength and the filter’s central wavelength. Once again, 
the two 2D plot are quite similar. It’s interesting to note the dependency of the gain bands position 
from the distance of the pump-filter wavelength shift. This opens the way to applications such as 
tunable frequency combs source [4]. 
In example of Figs 4(a) and 4(b), we report the evolution of the gain computed with Ikeda and LLE 
model, as function of the linear detuning 𝛿𝛿 =  −𝜙𝜙0.  In this case we can see the real difference 
between the two models: the Ikeda model, Fig. 4(a), is periodic as function of the detuning, while 
the LLE, Fig. 4(b), is not. This is due to the nature of the Ikeda and LLE models: the first one is a strict 
representation of the real-world cavity, periodic in space domain and thus also in the linear phase. 
On the other hand, the LLE is a mean-field model averaged on one round-trip, which lose the 
information about this periodicity.  The mathematical representation is lighter but, to be accurate, 
the model has to be used withing the assumption made for the model derivation (good cavity limit). 
Figs 5 is example of numerical integration, through a split-step-Fourier method: Fig. 5(a) is a plot of 
the time domain signals, blue for LLE and red for Ikeda map model, and Fig. 5(b) are the relative 
spectra.  It is possible to see a good qualitative agreement but, despite being well inside the good 
cavity limit (𝜌𝜌 = √0.9  , 𝜃𝜃 = √0.1 ), it’s possible to note a slight difference in the repetition of the 
spectra and the amplitude of the time domain signal.  
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Fig.2 (a) Evolution of the gain computed with the Ikeda map model Eq. (12) as function of input power 𝑃𝑃𝐼𝐼𝐼𝐼  .    
(b) Evolution of the gain computed with LLE model, Eq. (16) as function of input power 𝑃𝑃𝐼𝐼𝐼𝐼 . For both 
calculation the same parameter has been used: 𝛽𝛽2 = 0.5𝑝𝑝𝑠𝑠2𝑘𝑘𝑚𝑚−1,𝛾𝛾 = 2.5𝑊𝑊−1𝑘𝑘𝑚𝑚−1,𝐿𝐿 = 100𝑚𝑚, 𝜌𝜌 =
√0.9 ,𝜃𝜃 = √0.1 ,𝜙𝜙0 =  −𝜓𝜓(0),𝑎𝑎 = 85 𝑟𝑟𝑟𝑟𝑟𝑟

𝑛𝑛𝑛𝑛
 𝑏𝑏 = −2.45, 𝜔𝜔𝑓𝑓 = 314 𝐺𝐺𝐻𝐻𝜕𝜕.  
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Fig.3 (a) Evolution of the gain computed with the Ikeda map model Eq. (12) as function of the wavelength shift 
between the pump, 𝜆𝜆𝑝𝑝 , and the filter 𝜆𝜆𝐵𝐵𝑟𝑟𝑟𝑟𝐵𝐵𝐵𝐵  . (b) The same kind of evolution of the gain, computed with LLE 
model Eq. (16). For both calculation the following parameter has been used: 𝛽𝛽2 = 0.5𝑝𝑝𝑠𝑠2𝑘𝑘𝑚𝑚−1,𝛾𝛾 =
2.5𝑊𝑊−1𝑘𝑘𝑚𝑚−1,𝐿𝐿 = 100𝑚𝑚,𝜌𝜌 = √0.9 ,𝜃𝜃 = √0.1 ,𝜙𝜙0 =  −𝜓𝜓(0), 𝑎𝑎 = 85 𝑟𝑟𝑟𝑟𝑟𝑟

𝑛𝑛𝑛𝑛
 𝑏𝑏 = −2.45, 𝜔𝜔𝑓𝑓 = 314 𝐺𝐺𝐻𝐻𝜕𝜕,   𝑃𝑃𝐼𝐼𝐼𝐼 =

0.5𝑊𝑊 . In both cases the wavelength of the pump is shifted in a ±5 𝑛𝑛𝑚𝑚 interval from the central wavelength of 
the filter 𝜆𝜆𝐵𝐵𝑟𝑟𝑟𝑟𝐵𝐵𝐵𝐵 . 
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Fig.4 (a) Evolution of the gain computed with the Ikeda map model Eq. (12) as function linear phase detuning 
𝛿𝛿 =  −𝜙𝜙0 . (b) Evolution of the gain computed with LLE model, Eq. (16) function linear phase detuning 𝛿𝛿 =
 −𝜙𝜙0. The parameters for the calculations are: 𝛽𝛽2 = 0.5𝑝𝑝𝑠𝑠2𝑘𝑘𝑚𝑚−1,𝛾𝛾 = 2.5𝑊𝑊−1𝑘𝑘𝑚𝑚−1,𝐿𝐿 = 100𝑚𝑚, 𝜌𝜌 =
√0.9 ,𝜃𝜃 = √0.1 ,𝜙𝜙0 =  −𝜓𝜓(0),𝑎𝑎 = 85 𝑟𝑟𝑟𝑟𝑟𝑟

𝑛𝑛𝑛𝑛
 𝑏𝑏 = −2.45, 𝜔𝜔𝑓𝑓 = 314 𝐺𝐺𝐻𝐻𝜕𝜕,𝑃𝑃𝐼𝐼𝐼𝐼 = 0.5𝑊𝑊. 
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Fig. 5 (a) Temporal domain signals for Ikeda map (red) and LLE (blue) after a total propagation of 100 Km. The 
correspondent power spectra are showed in (b), the orange trace is the filters loss profile. 
The parameters are:  : 𝛽𝛽2 = 0.5𝑝𝑝𝑠𝑠2𝑘𝑘𝑚𝑚−1,𝛾𝛾 = 2.5𝑊𝑊−1𝑘𝑘𝑚𝑚−1,𝐿𝐿 = 100𝑚𝑚,𝜌𝜌 = √0.9 ,𝜃𝜃 = √0.1 ,𝜙𝜙0 =
 −𝜓𝜓(0),𝑎𝑎 = 85 𝑟𝑟𝑟𝑟𝑟𝑟

𝑛𝑛𝑛𝑛
 𝑏𝑏 = −2.45, 𝜔𝜔𝑓𝑓 = 314 𝐺𝐺𝐻𝐻𝜕𝜕,𝑃𝑃𝐼𝐼𝐼𝐼 = 0.1𝑊𝑊.  

Conclusion: 
 

In this report we have presented the two main mathematical model used to describe few mode fiber 
ring cavities in the frame of GTF investigation. Then, a few examples which illustrate the Ikeda and 
LLE model are proposed, underlining common point and criticalities of the two, before an example 
of numerical integration. 
This theoretical framework is very flexible and, in the future, will be expanded two the more 
complex case of PM fiber cavities. 
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